The quantum phase-space dynamics driven by hyperbolic Pöschl-Teller (PT) potentials is investigated in the context of the Weyl-Wigner quantum mechanics. The obtained Wigner functions for quantum superpositions of ground and first-excited states exhibit some non-classical and non-linear patterns which are theoretically tested and quantified according to a non-Gaussian continuous variable framework. It comprises the computation of quantifiers of non-classicality for an anharmonic two-level system where non-Liouvillian features are identified through the phase-space portrait of quantum fluctuations. In particular, the associated non-Gaussian profiles are quantified by measures of kurtosis and negative entropy. As expected from the PT quasi-harmonic profile, our results suggest that quantum wells can work as an experimental platform that approaches the Gaussian behavior in the investigation of the interplay between classical and quantum scenarios. Furthermore, it is also verified that the Wigner representation admits the construction of a two-particle bipartite quantum system of continuous variables, A and B, which are shown to be separable under Gaussian and non-Gaussian continuous variable criteria.
I. INTRODUCTION
Pöschl-Teller (PT) potentials are analytically solvable quantum mechanical potentials for which the one-dimensional Schrödinger equation (and some of its extended radial versions) has solutions described by associated Legendre polynomials, P µ λ (u), when u is identified with either hyperbolic (∼ tanh(x)) or trigonometric (∼ tan(x)) functions of the space coordinate,
On the purely (high energy physics) theoretical front, the intrinsic nonlinearity effects produced by PT potentials [2] -or by some of their modified versions -have been identified in several scenarios, which include the defect structures of topological (domain walls) and non-topological (bell-shaped lumps) origins [3] [4] [5] [6] , the interplay between parity-time symmetry and supersymmetry problems [7] , the construction of topological solutions describing solitary waves throughout Bose-Einstein condensates [8] , the mass generation mechanism for exotic spinor fields [9] , and even the quantum problems supported by some curved geometrical background [10] [11] [12] which, for instance, involves the warped geometry for braneworld models [13] [14] [15] . From the applied physics perspective, the theoretical background provided by PT potential problems has been demonstrated to be reproducible and manipulable by means of several experimental platforms. For instance, in semiconductor physics, the boundbound, bound-free and free-free intersubband optical transitions are currently reproduced by quantum wells described by PT potentials designed from realistic ternary alloy based structures [16] . In mesoscale scenarios where semiconductor quantum wells are equally relevant, double quantum dots have been described by various theoretical approaches which include modified numerically solvable PT potentials describing two-electron states and their potential entanglement properties [17] . Finally, in the engineering of electronic devices, the thermalization of nonequilibrium spinless electrons in quantum wires [18] can also be mapped into the analytical bound state problem of a quantum particle in a PT potential. The applicability of theoretical tools associated to PT problems indeed embraces multidisciplinary sectors in physics, which also includes the two-dimensional transport of quasiparticles in bilayer graphene [19] , the modeling optical systems with changing refractive index [21] , the description of light-matter interaction in superconducting circuits [20] , and the scattering of matter-wave single soliton and two-soliton molecules by quantum wells [22] , namely a large class of problems where the signatures of the quantum behavior in the dynamics of macroscopic objects can be investigated.
Besides their experimental feasibility, the corresponding PT Hamiltonians are analytically solvable in the phase-space, and their corresponding Wigner functions, due to their quasiGaussian nature, might be relevant in describing the interplay between microscopic-quantum and macroscopic-classical realities. In particular, the PT quadratic spectrum (driven by integer quantum numbers) supports a two-level system time-oscillating behavior which reproduces, for instance, the quantum state revivals, and can also be considered in the discussion of theoretical aspects of classical to quantum transitions, non-classicality and quantum correlations.
In such a context, the theoretical tools specialized to PT scenarios are still incipient.
The correspondence between the Wigner phase-space quasi-probability distribution [23] of a given stationary quantum mechanical wave function to a particular solution of the Liouville equation, with bound states described by semiclassical distributions, have already been considered for scenarios described by the PT ground state solution [24, 25] . Otherwise, the Wigner function analytical results [26] can be extended to the description of quantum superpositions of PT ground and first-excited states, |0 and |1 , as to provide a complete framework for discussing the elementary features involving the above mentioned aspects of non-classicality, which is the main proposal of this work.
The outline of the manuscript is then as follows. Sec. II is concerned with the preliminary description of the classical and quantum portraits of PT potentials. The complete analytical description of Wigner functions for Pöschl-Teller two-level systems involving ground and first-excited states, |0 and |1 , is given in Sec. III. The quantum to classical correspondence, as well as the involved relative discrepancies, are discussed in terms of the Wigner flow analysis [27, 28] , where the quantum distortions are obtained from Wigner currents. In particular, the two-level system non-Liouvillian behavior is identified through the phase-space pattern of quantum fluctuations. Through the analytical properties of Wigner functions, in Sec. IV, the corresponding non-Gaussian profile is quantified by measures of kurtosis and negative entropy. Finally, in such a context, two-particle bipartite systems of continuous variables, A and B, identified by i =j i,j=0,1 |i A ⊗ |j B , give rise to pure states in the phase-space scenario, which are proven to be separable under Gaussian and non-Gaussian criteria. Our concluding remarks are drawn in Sec. V.
II. CLASSICAL AND QUANTUM PORTRAITS
The hyperbolic Pöschl-Teller problem for a particle with mass m and momentum p can be introduced through the Hamiltonian
where L is a width parameter and λ defines the minimal potential energy value, −ε λ(λ + 1), at x = 0, where the energy dimension is carried by ε. The Hamiltonian can be mapped into a simpler dimensionless version written as
where, to anticipate the connection with quantum mechanical solutions, one has ε identified by 2 /2mL, and the canonical variables given by s ≡ x/L and q ≡ pL/ , as to represent the phase-space volume element by dp dx ≡ dq ds. The classical trajectories are simply given
where the total energy, E, identified by −µ 2 ε, defines three classes of solutions valid under constraints given by λ(λ + 1) > µ 2 > 0, µ 2 = 0 and µ 2 < 0, as depicted in the scheme from The corresponding Hamiltonian equations of motion result into a non-linear system of equationsṡ
evolving in terms of a dimensionless time variable, τ = 2εt/ .
The analytical solutions for the Hamiltonian system of equations for µ 2 < 0 are obtained as being
where the boundary initial values have been given by s(0) = 0 and q(0) = 2λ(λ + 1) and, by way of simplicity, it has been set µ 2 = −λ(λ + 1). Likewise, for µ 2 = 0, with s(0) = 0 and q(0) = ( + 1), one obtains
Finally, for µ 2 > 0, with s(0) = 0 and q(0) = √ , one has
where, again, by way of simplicity, it has been set µ 2 = 2 . In particular, for the classical results where µ 2 ≥ 0, the introduction of the arbitrary parameter, , is concerned with the comparison with the following quantum results: when quantum state superpositions evolve in time, the role of the parameter will be compared with the role of the parameter λ from the Hamiltonian (3) since can be described in terms of λ.
Let us then turn our attention to the quantum mechanical version of the PT Hamiltonian dynamics. Obviously, Eqs. (4)- (5) 
with eigenvalues E µ = −µ 2 ε, where the quantum numbers λ = 1, 2, . . . and µ = 1, . . . , λ constrain the solutions to
where N λ−µ (λ) are normalization constants, and P µ λ are the associated Legendre polynomials with an orthonormalization constraint given by
where Γ(u) is the gamma function. Ground and first excited states given by, respectively,
can compose a two-level system with characteristic frequency given by ω = ∆E 10 / = (E λ−1 − E λ )/ = (2λ − 1)ε/ , for which the oscillating phase is given by (2λ − 1)ε t/ = (λ − 1/2)τ such that, in the preliminary comparison with the classical dynamics, one may set = λ − 1/2 into the Eqs. (10)- (11) . However, as one will see in the following section, a correspondence between classical and quantum dynamics is much more complex than a simple identification of such time-oscillating behavior.
III. WIGNER FUNCTION FOR PÖSCHL-TELLER TWO-LEVEL SYSTEMS
The Wigner function is a real-valued quasi-probability distribution defined through the so-called Weyl transform [23, 26] , which exhibits the operational advantage of connecting all the informational content of the state vectors in the phase-space with the interplay between quantum observables and expectation values. As it has been noticed [28, [32] [33] [34] , it provides some tools for the preliminary understanding of the nature of the non-classicality and non-Gaussianity of quantum mechanics, which have been systematically discussed in the literature (see, for instance, [35, 36] and Refs. therein), and has a particular relevance for the understanding of non-Gaussianity aspects related to quantum correlations [37] .
Herein the general features of ground and first-excited stationary states of PT potentials will be discussed in terms of the Wigner formalism, as to provide the analytical tools that
give an overall probabilistic interpretation of time-oscillating quantum superpositions, in terms of a Wigner flow description.
The inception of the Wigner function is the definition of the Fourier transform of the off-diagonal coherences of the quantum mechanics density matrix [23, 26] when it is written as ψ * λ (s + y) ψ λ (s − y), for a generic quantum state, ψ λ (s), through the expression
where operatorsŝ andq have been converted into commutative numbers, s and q, and the dimensionless normalization conditions are expressed by
For a generic quantum state, ψ C λ (s), written as a superposition of ground and first-excited states from Eqs. (15) and (16)
complete expression for the Wigner function can be put in the form of a sum of elementary contributions given by
with
from which one can compute the respective components as
which can be manipulated to be written as (cf. the results from Eqs. (3.983) and (3.984) from p. 503 of Ref. [38] )
with the differential operator
and
Considering the quantum superposition described by ψ 
which involves a mixed Wigner function contribution,
The phase-space representation of the above results for a mixed state and a pure state quantum superposition involving ground and first excited states is depicted in Fig. 2 (ϕ → 0), in both cases, for a PT potential with λ = 2. The mixing angle θ is set equal to nπ/8 with n = 0, 1, . . . , 4, from top to bottom panels and, for the pure state quantum superposition (right panels), θ equivalently works as a time evolving variable which performs a continuous quantum oscillation scheme of a PT two-level system. At this point, besides the quasi-Gaussian profile exhibited by the ground-state W 00 2 , its pertinent to notice that the choice of increasing values for λ would not affect qualitatively neither the Wigner function profiles nor their related dynamics.
More interesting aspects of the dynamics of quantum superpositions [27, 31] can be revealed by the behavior the Wigner function when it is cast in the form of a flow field J(s, q; τ ) = J sns + J qnq , where τ is the previously introduced dimensionless time variable, τ = 2εt/ , andn κ , with κ = s, q, are unitary vectors, |n κ | = 1, for the phase-space coordinates, s and q. It describes the vectorial flux of the quasi-probability density in the phase-space [32, 39] , where τ is identified with the above introduced phase parameter, ϕ = (λ−1/2)τ . The equivalent quantum Liouville equation is written in terms of a dimensionless version of the continuity equation in the phase-space [26, 27, 34] as
where
The above quantities, once related to the Wigner function for λ = 2, W C 2 , are also depicted in Fig. 2 , in particular, for J s = 0 (blue contour lines), and J q = 0 (orange contour lines).
In fact, a straightforward picture of intrinsic quantum effects can be patterned from the contributions due to k ≤ 1 for J q (s, q; τ ) at Eq. evolve continuously in time, as it is depicted by blue bubble regions in the slice plot scheme from Fig. 4 , which follows a parallel illustrative proposal. In this case, the continuous time evolution for vortices and saddle-points is identified by the green islands of the slice plots. As they are noticeable in Fig. 3 , the local quantum effects compensate each other when an integrated global view of the Wigner flux is considered, i.e. when two vortices of opposite circulating (or divergence) number match each other along the time evolution.
They mutually self-annihilate and approach the background classical pattern.
A. Non-Liouvillian effects for time-oscillating two-level systems
In particular, the quantum perturbations over the classical pattern can be discussed in terms of a quantifier for the non-Liouvillian effects exhibited by the quantum system. For the classical pattern, the phase-space coordinate vector ξ = (s, q) has the corresponding classical 
where ∇ · J = W ∇ · u + u · ∇W . The condition that sets ∇ ξ · u = 0 is very helpful in identifying (approximated) Liouvillian-like trajectories in the phase-space and it has been used to quantify the correspondence between quantum and classical descriptions [29, 30] . In fact, the plots only provide a qualitative view of the non-Liouvillian pattern, which increases for excited states, with respect to the ground one. The above results resume a qualitative approach for identifying quantum effects into PT quantum state configurations and can be extended to more involved configurations. In the following, the quantitative aspects of the quantum information profile associated to the above analytical description will be developed and compared with general descriptions of quantum to classical correspondence frameworks.
IV. TWO-LEVEL SYSTEM INFORMATION PROFILE
Characterizing quantum states with the positivity of Wigner functions [40, 41] and distinguishing their Gaussian and non-Gaussian (information) profiles [42, 43] are often considered in several classification protocols according to classical/non-classical paradigms. Preliminary results also indicate that quantum non-Gaussianity can only be produced by means of highly non-linear processes [41] , which involve, for instance, the anharmonic dynamics of PT potentials. Considering the analytical results from Sec. III, through the computation of some different measures of non-Gaussianity for hyperbolic PT quantum superpositions involving ground and first-excited states, one is able to identify and quantify some associated twolevel system (non-)Gaussian information profiles, as it shall be demonstrated in the following sections.
A. Wigner negativity, kurtosis and entropic non-Gaussianity
Negativities of the Wigner function associated with a given quantum state can be classified as a pattern of non-classicality [40] . For the hyperbolic PT ground and first-excited pure states described by Eqs. (23) and (24) Otherwise, the first ever considered measure of non-Gaussianity, the (excess) kurtosis, given by the regularized fourth-order cumulant
can be straightforwardly calculated as to give the results depicted in Such a behavior is ratified by a more involved quantifier, the entropic non-Gaussianity, which is given in terms of the difference between the exact Shannon entropy for the Wigner function, S(ω(ξ)), and a Gaussian approach for the von Neumann entropy [44] [45] [46] ,
with h(z) = (z + ) ln(z + ) − (z − ), and where σ is the determinant of the 2 × 2 covariance matrix with elements identified by
For pure states, with S(ω(ξ)) = 0, the entropic non-Gaussianity is straightforwardly given by S G (ω(ξ)) from Eq. (34), as shown in Fig. 7 . Despite the quantitative similarities with
FIG. 7: (Color online) Entropic non-Gaussianity for ground (small size) and first excited (large size) states, as well as for a pure state quantum superposition with θ = π/4 (medium size) as function of the λ quantum number.
the results from Fig. 6 , there is an inverted correspondence between first excited states and quantum superposition results which, in this case, stabilizes respectively around K = 0.95 and K = 1.37.
The above results work coincidently fine in describing the non-Gaussian behavior of the ground-state at lower values of λ and its corresponding "approximated" harmonic oscillator
Gaussian behavior for increasing values of λ. In the latter case, the PT potential approaches an harmonic oscillator potential profile. At this point, it is convenient fo assert that defining quantitative measures of non-classicality associated to non-Gaussianity [44] is still an open issue. For this reason, a more elaborated explanation for the opposite saturated nonGaussian pattern for first excited (large size circles) and mixed (medium size circles) states in Figs. 6 and 7 cannot be provided by this short analysis. Even if non-Gaussianity cannot be considered as a quantum resource of practical relevance [35] and a faithful measurement criterium has not been established yet, non-Gaussianity can be generated by classical randomness readily available from an operational point of view [36] . Therefore, the large number of theoretical tools developed to assess quantum non-Gaussian states, rule out Gaussian mixtures and detect genuinely quantum non-Gaussian states, clearly deserves more careful investigations. Likewise, when the discussion of the quantum information profile is extended to a two-level system framework, Gaussian and non-Gaussian more global criteria must be considered.
B. Quantum separability of two-level systems
For a bipartite state written as
where |0 and |1 denote PT ground and first excited states of A and B subsystems, the continuous variable entanglement in this bipartite system is more conveniently introduced through the density matrix written as
which is identified by the 2 + 2-dim phase space variable Wigner function
Using the previous results, and denoting the quantum number λ, it is straightforward to show that the above identified Wigner function takes the form of
where W (00) λ (s, q) and W (11) λ (s, q) are respectively given by Eqs. (23) and (24), and
from which, even considering the mentioned non-Gaussian profile, one will be able to obtain analytical expressions for second order moments in position and momentum, namely a helpful task in building the continuous variable entanglement tests [47] . By noticing that
(s, q) and W 
where i, j = 0, 1, one obtains that all the first moments are null (due to previous parity considerations), and also that q 2 10 = s 2 10 = sq 11 = sq 00 = 0, for separated subsystems A or B. From the analytical evaluation of integrals like (41), the A and B separated nonvanishing contributions to second moment values result into
In addition, some relevant contributions due to mixed subsystem components from A and (38),
with κ = s, q, so as to result in
By identifying the symplectic invariants with the determinant of σ, Σ = (α
q ) and the diagonal and off-diagonal sub-determinants, Σ α = α s α q and Σ γ = γ s γ q , quantumness and separability -according to the Peres-Horodecki (PH) criterium [48] for continuous variables [49, 50] -can be quantified through the computation of symplectic eigenvalues written in terms of α s,q and γ s,q as corresponds to an extension of the above-mentioned PPT criterium [51] .
By defining the adimensional operators a and a † for the subsystem A, and b and b
The results for the determinant of Mg(ρ)) Γ are also shown in Fig. 8 , and they are complemented by two additional separability criteria, respectively, a modification to the Simon criterium [52] and the Duan criterium [53] . Both involve the computation of the determinant of submatrices from Mg(ρ)) Γ ,
To summarize, from the qualitative point of view, all the above results indeed do not increment any continuous variable entanglement effect with respect to which is observed for harmonic systems (i.e. when ground and first excited states from (36) are replaced by the harmonic oscillator correspondent ones). In fact, turning back to the overall analysis of what was proposed along this manuscript, the discussion of anharmonic aspects related to nonlinearity of quantum oscillators continuously provides fruitful discussions from both experimental applicability and theoretical conception point of views. For instance, nonGaussianity and fidelity-based measures based on the properties of the ground states rather than on the form of the potential have been theoretically tested as quantificators of nonlinearity for quantum oscillators [54] which include the PT one. Through this framework, the nonlinearity features can be captured independently on the specific nature of the potential.
In spite of addressing to the same issue which circumvents the connection between nonlinearities and anharmonic oscillations, differently from the above mentioned framework, the [29, 30] , an aspect which certainly deserves more careful investigations.
V. CONCLUSIONS
Quantifiers of non-classicality, non-Gaussianity and overall quantum correlations are essential ingredients for quantum enhanced technologies and experiments involving macroscopic quantum coherence. Considering exact solutions of an anharmonic system -the hyperbolic PT quantum system -in the phase-space, the quantum features distorting the corresponding classical portrait were identified for a ground and first excited state two-level system superposition. The non-Liouvillian behavior was identified through the phase-space pattern of quantum fluctuations, and the non-Gaussian profile was quantified by measures of kurtosis and negative entropy. Through the Wigner formalism in the phase-space, a monotonic relation between the entropic nonlinearity and non-classicality was applied to classifying ground and first excited states, and corresponding quantum superpositions. Finally, a phase-space description of a bipartite quantum system of two particles in the PT potential revealed their separability properties under Gaussian as well as non-Gaussian ap-proaches. The experimental feasibility of PT potentials in double layer graphene [19] and other experimental platforms [18, 22] are indeed relevant in testing the limits of Gaussian and non-classical effects [55] , and verifying their inherent interplay with supersymmetric nonlinear quantum mechanics [7] and entropic information scenarios [56] [57] [58] . In this context, the analytical results here obtained can be worked out into more involved configurations, for instance, those which could include three or more excited states, so as to engender some manipulable platform to investigate more than two-qubit quantum systems of continuous variables.
